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1. 

j^ . Building on the author's recent work with Jan Maas and Jan van Neerven, this paper estab- 

lishes the equivalence of two norms (one using a maximal function, the other a square function) 
used to define a Hardy space on R" with the gaussian measure, that is adapted to the Ornstein- 
Uhlenbeck semigroup. In contrast to the atomic Gaussian Hardy space introduced earlier by 

(f) ' Mauceri and Meda, the h 1 (R n ; d'y) space studied here is such that the Riesz transforms are 

bounded from /i 1 (R n ; d'y) to L 1 (R n ; d'y). This gives a gaussian analogue of the seminal work of 
Fefferman and Stein in the case of the Lebesgue measure and the usual Laplacian. 
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1 Introduction 



In recent years, the real variable theory of Hardy spaces, which originates from the work of Fefferman 
and Stein [3], has been extend to a variety of new settings. These developments involve replacing 
fvj ' the euclidean Laplacian with a different semigroup generator L, and the space M. n endowed with the 

£> , Borel algebra and the Lebesgue measure with a different metric measure space (M, d, n). Prominent 

examples include Hofmann and Mayboroda's work [5] on the euclidean space with A replaced by a 
more general divergence form second order elliptic differential operator with bounded measurable 
coefficients, and Auscher-Mclntosh-Russ's Hardy spaces of differential forms associated with the 
Hodge Laplacian on a Riemannian manifold [1]. These results rely heavily on two assumptions. At 
the level of the metric measure space, one requires the doubling property: there exists C > such 
that for all x S M and all r > 0: 



u(B(x,2r))<C(x(B(x,r)). 



At the level of the semigroup (e tL )t>o, one requires some heat kernel estimates or, at least, some 
5— 1 ■ appropriate L 2 off-diagonal decay of the form 



\\lEe tL (l F u)\\ 2 < C(l + d{E f )2 )- k \\l F u\\ 2 , 

where E,F are Borel sets, 1^, If denote the corresponding characteristic functions, u 6 L 2 , k > 0, 
t > and C is independent of E, F, t and u. This paper is concerned with the gaussian case: the 
metric measure space is W 1 with the gaussian measure d'y(x) — n^^e~^ dx and the operator is the 
Ornstein-Uhlenbeck operator defined by 

Lf(x) := ~A/(z) - x.Vf(x), x e K n . 

This setting is motivated by stochastic analysis and has a long history (see the survey [U]). Hardy 
spaces in this context were first introduced by Mauceri and Meda in [1TJ]. Their work is striking 
because the gaussian measure is not doubling, and the Ornstein-Uhlenbeck semigroup does not 
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satisfy the kernel bounds required to apply the non-doubling theory of Tolsa [TB] . While [TU] con- 
tains highly interesting results, it does not provide a fully satisfying theory. This is due to the 
fact that Mauceri-Meda's Hardy spaces h^j) are defined via an atomic decomposition that may 
not relate to the Ornstein-Uhlenbeck operator as well as classical Hardy spaces relate to the usual 
Laplacian (see [4]). In particular, the fact, proven in |llj . that some associated Riesz transforms 
are not bounded from ftat(7) to L l {^) in dimension greater than 1 is problematic. More generally, 
Mauceri-Meda's h\ t (7) spaces provide a good endpoint to the L p scale from the interpolation point 
of view, but their theory does not contain all the machinery that makes Fefferman- Stein [4j so out- 
standing, and has proven useful in a range of applications, especially to partial differential equations. 

In [SI |5], Jan Maas, Jan van Neerven, and the author have started the development of such a 
complete theory. This involves adequate dyadic cubes, covering lemmas of Whitney type, related 
tent spaces and their atomic decomposition, and techniques to estimate the following non-tangential 
maximal functions and conical square functions: 

T*u(x) := sup \e t2L u(y)\, 
(i/,*)erg(7) 

'rK 7 )7(5p)' 



''^-(L^w^^^Wt)' 



where 



r£( 7 ) := Uy,t) el" x (0,oo): \y-x\ < t < am(x)\ 



is the admissible cone based at the point x € K™, m{x) := min {l, -rr} is the corresponding admissi- 
bility function, and a the admissibility parameter. From the point of view of Hardy space theory, one 
defines h\ aax ,,(7) as the completion of the space of smooth compactly supported functions C^°(R") 
with respect to 

and /ip Uad (7) as the completion of C£°(R n ) with respect to 

ii u ikuad,„(7) := ii^iu^t) + ii u iU i (7)- 

A key result should be that these two norms are equivalent for some choice of a. However, [9] only 
gives one inequality: ||5 u||i < C||T*/u||i, for some C, a' > independent of u (actually [9] gives a 
slightly stronger inequality involving an averaged version of T*u). The purpose of this paper is to 
prove the reverse inequality to establish the following result. 

Theorem 1.1. Given a > 0, there exists a' > such that h 1 da {"f) — n maxa'("f)- 

Since h^ uad a — /i* d 1 for all a > 1 (as a consequence of [S[ Theorem 3.8]), we then call 
^ 1 (t) := ^quad 2 tne Gaussian Hardy space. In the final section, the techniques used in the proof 
of the above reverse inequality are used again to prove that the Riesz transforms associated with L 
are bounded on h 1 ^). The proof is based on a version of Calderon reproducing formula: 

CO 

u = C f(t 2 L) N+l e il± ^ L Uj + f udj, 

K" 

for u G L 2 and some suitable constants N, C and a. The part 

m{x) 



dt 



./,</(.<•):= / (t 2 L) N+1 e il± ^ L u(x) t 



is treated via the atomic decomposition of tent spaces established in [8 ], leading to the estimate 
II JiulLi (•_,-) < C"(||d|,,i (•„•> + ||u|| L i^)). The remainder term 

max o,^ * ' quad q, V 1/ \ ' J 

OO 

Joou(x) := | (^L^e^^V^f 

m(x) 

is a priori problematic, as the boundedness of the square function norm ||S a u||i does not give in- 
formation about it. It turns out, however, that properties of the kernel of the Ornstein-Uhlenbeck 
semigroup give the estimate || Joou\\ h i ( 7 ) < C"||u||x,i( 7 )- This phenomenon is typical of local 

Hardy spaces, as can be seen, for instance, in [2] and [7]. 

The paper is organised as follows. In Section 2, we recall the necessary definitions and known 
results, and set up the proof, decomposing J\u into a main term and two remainder terms similar 
to JocU. In Section 3, we prove the relevant kernel estimates, and deduce appropriate off-diagonal 
bounds. In Section 4, we show that the main term can be decomposed as a sum of molecules, and 
estimate the h] aax norm of molecules. In Section 5, we estimate JqqU and the remainder terms, and 
thus conclude the proof. In Section 6, we use the same techniques to prove that the Riesz transforms 
associated with L are bounded on ft. 1 (7). 
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2 Preliminaries 

We start by recalling some basic properties of the Ornstein-Uhlenbeck operator L (details can be 
found in the survey paper |15j). On L 2 (^), L generates a semigroup for which the Hcrmitc polyno- 
mials (-ff a ) a gz™ form an orthonormal basis of eigenfunctions. Using this chaos decomposition, we 
have: _ _ 

e tL ( Y^ cpHp) = £ e-^c,H f3 , 
/3ez™ p&i 

n 

for cp £ C and |/3| := ^ j3j. As a direct consequence, we have the following Calderon reproducing 

formula. 

Lemma 2.1. For all N £ N and a, a > 0, there exists C > such that for all u £ L 2 (j) 



(l+qf)j 



2^2 



dt 



u = C I {t z L) N+ 'e^^ L u- + / ud 1 . 



R" 

On L p (M. n ,j), for 1 < p < 00, L generates the semigroup defined by 

e tL f(x):= J M t (x,y)f(y)dy, 

where f £ L p (~f), x £ R", and M t denotes the Mehler kernel 

M t (x,y) := Tr-f (1 - e- 2t )-t exp(- |e ~* X ~ ^ 



1-e" 



A well know technique in gaussian harmonic analysis, going back to |13j . consists in splitting kernels 
such as the Mehler kernel into a local and a global part, the idea being that the local part behaves 
like a Calderoh-Zygmund operator, and the global part has some specific decay properties. The local 
region is defined as 

N a := {(&, y) G K 2 ™ ; \x-y\< am(x)}, 

where a > and m(x) := min {l, r- r}. A typical result obtained by this technique is the weak-type 
1-1 of the local part of the Hardy-Littlewood maximal operator and the strong type 1-1 of its global 
part, proven by Harboure, Torrea, and Vivani in [5J Theorem 2.7]. In this paper, we will use the 
corresponding result for the non-tangential maximal function. Before stating this result, we recall 
[8j Lemma 2.3], and introduce some notation. 

Lemma 2.2. Let a > 0, and x, y e l n . If \x — y\ < am(x), then m(x) < (1 + a)m(y) and 
m(y) < (2 + 2a)m(x). 

Given A, a > 0, we define 

r( A ' a '( 7 ) := Uy.t) el"x (0,oo): \y-x\< At, and t < am(x)\, 

and call T x ' (7) the admissible cone with aperture A and admissibility parameter a based at the 
point x. To simplify notation we write T^^) := Tx ' (7) and 1^(7) := Tx (7). Non-tangential 
maximal functions are pointwise dominated by the Hardy-Littlewood maximal function. This is 
the following lemma, proven by Pineda and Urbina in |14[ Lemma 1.1] (for the particular choice 
(A, a) = (1, i), but the proof carries over to different apertures and admissibility parameters). 

Lemma 2.3. Let A, a > 0. There exists C > such that for all x € W 1 and all f € L 2 (7) 

e li 7(2/)|<G'sup— * 



sup |e* L f(y)\ < Csup ' / \f(z)\d 7 (z). 

B{x,r) 



Using 5) Theorem 2.7], we get the L 2 boundedness of non-tangential maximal functions, and 
the L 1 boundedness of their global parts. 

Proposition 2.4. Let A,a> and set r := (1+aA) f, 1+2aA) . Then, for f € Cf(R n ), 

(i) 

\\ T giob,a,Af : * >-> sup / M t 2 (y , z)l N a(y, z)\f (z^dz^ < H/lli. 

(v,t)er£ A ' a) (7)/„ 

(ii) 

Hscm. sup / > M t 2( 2/ ,z)|/(z)|dz|| 2 <||/|| 2 . 

(i/,t)er£ A ' a) (7)|g'„ 

Here, ||a; M- sup / M t j(y,z)ljv=(j/,^)|/(z)|dz||i < ||/||i means 

(y,t)eri A -">( 7 )K" 

\\x* sup /M 42 ( 2/ ,z)l W c(y,^)|/(z)|dz|| 1 <C||/|| 1 

(j/,t)er£- 4 " ,) ( 7 ) ] /„ 

for some C > independent of /. We will use this notation throughout the paper. 

Proof. For x € R'\ (y,z) € N%, and (y,t) € ri A ' a) (7), we have that 

T 1 

\x — z\ > TTn(y) — aAm(x) > ( — aA)m(o;) = — m(x). 



Therefore 

||a? i — »- sup M t t(y,z)lNz(v,z)\f(z)\dz\\i<\\xy-> sup M t 2(y,z)g x (z)dz\ 

(s/,t)erL A ' a) ( 7 )/„ (v,t)eri A ^(-y)J n 

where g x {z) := live (#, z)|/(z)|. Lemma l2~3"l combined with [3 Theorem 2.7] thus gives 

1 

|| a; i— > sup 



Af ta ( V) «)l W e( y ,«)|/(«)|<te||i< /sup— -- / l Nl (x,z)\f(z)\d~/(z)< H/ll 

UMJfcix 17J R „ R „ B(s,r) 

To prove (ii), we apply Lemma \2 .31 and Lemma l2~2l to obtain, for x £ R™, 

sup / lN T {y,z)M t i{y,z)\f(z)\dz< sup ——- — / \f(z)\dry(z), 

for t' = aA + r(2 + 2aA) and an implicit constant independent of x. The weak type 1 — 1 of this 
local part is proven, for instance, in [5J Lemma 3.2]. Combined with (i), this gives the weak type 
1 - 1 of 



(v,t)6r£- A '°'( 7 ). 



x^ sup / M t i(y,z)\f(z)\dz 



Given the (obvious) L°° boundedness of the Hardy-Littlewood maximal function (and thus of the 
non-tangential maximal function by Lemma I2.3[) , the proof follows by interpolation. □ 



A geometric version of the local/global dichotomy is given by the key notion of admissible balls, 
introduced in 10L Defining 

B a := {B(x, r);iel", < r < am(x)}, 

we say that a ball B e B a is admissible at scale a. The gaussian measure acts as a doubling measure 
on admissible balls, as Mauceri and Meda have pointed out in jTUl Proposition 2.1]. We recall here 
a version of their result. 

Lemma 2.5. There exists C > such that for all a, b > 1 and all B(x, r) e B a we have 

j(B(x,br)) < e 2Q2 ( 26+1 ) 2 7 (B(x,r)). 

This led Jan Maas, Jan van Neerven and the author to introduce gaussian tent spaces, in [5], as 
follows. Let D := {(t,x) e(0,oo)xK"; t < m(x)}. Then t 1 ' 2 ^) is the completion of C C (D) with 
respect to the norm 

W^)-/(/ r(7) ^^l^»)l a ^)*)W 

R" 

Compared to [5], we are using here the notation t 1 ' 2 ^) rather than T 1 ' 2 ^) to emphasise the local 
nature of this space. Theorem 3.4 in [8] gives an atomic decomposition of t 1:2 (-f). Given a > 0, a 
function F : D — > C is called a t 1,2 {^f) a-atom if there exists a ball B € B a such that supp(F) c 
{(t,y) e (0,oo) xE™;(< min(%, B c ), m(y))} and 

OO 

\F(t,y)f*f< 7 (B)-K 

Theorem 2.6. For all f £ t 1,2 (j) and a > 1, there exists a sequence (A n )„>i <E l\ and a sequence 
°ft 1,2 {l) a-atoms (F n ) n >i such that 



(i) / - E«>1 ^nF n ; 

(ii) £„>ilA„l<ll/IU*( 7 ). 

To simplify notation we will simply call atoms the i 1 ' 2 ^) 2-atoms. Combining the atomic 
decomposition of £ 1,2 (7) and Lemma \2. II we get the following decomposition, which is the basis of 
the proof of Theorem 11.11 

Corollary 2.7. For all N € N, a > 1, b > 0, and a > a 2 , there exists C > and n sequences of 
atoms (Fmj^mgN and complex numbers (\ m ,j)meN for j — 1, ...n, such that for all u <E C£°(R n ) and 

x el": 



n oo 



i(x) = Judj-C^f^ \ m j f(t 2 L) N e£ L td* x .F m>j (t,x)j 

R« i=lm=l „ 

+ C H E Vi / l [ " S? l, 2] (t)(* 2 ^e4 i t^ J F mJ (t,x) * 



n oo 

a"rf E E I Am J I < ||u||/»i . • 
j=l m=l '" aia 

Here 9*. denotes the adjoint of d x . in L 2 (j). 
Proof. We first remark that 



(i2L)Af+le ii±^l L = _ 1 j^y^^ ((lfl(tj p) + lDc(t> 0)i ^ e ^i iu) _ 

Q 2 t 2 

It remains to check that the terms l_o(i, .)£9a: e — °~ «, for j € {l,...,n}, belong to £ 1,2 (7). Using 
Lemma 12751 we have 



\\{t,x) » l D {t,x)td X] e^ L u{x)U,. {l) <j{ j f -l|^^L| s V e Q2s2 My)| 2 rf7(2/)y)^7W 



B(x,^s) 
m{x) 
. 1,1 i lD(dS,y) ]nr - r „a 2 s 2 L„j„M2^,^.\ ds \i 



7 7 ~/{B{y,s)) s 

K™ B(cc,Vas) 

By [U Theorem 3.8], we thus have 

m{x) 

\\{t,x) ^l D {t,x)td X] e^ L u{x)\\ t ^ (l) <J{ J J ^^ \ s S7e a2s2L U (y)\ 2 d 7 (y)^d 7 (x) 

R n B(x,as) 

am(x) 

B(x,t) 

D 



Theorem 1 1.1 1 is then proven by combining the results in the next sections as follows. 
Proof of Theorem \l.ll 
For a > 0, 9, Theorem 1.1] gives that there exists a' > such that /i^ax a'il) C h, l d a ("f)- Let us 

fix this a' and pick a > max(2 38 , 32e 4 , 4^e 2a2 ), 6 > max(2e, / 32e4 3-), and TV > J. Let 

Y (a-32e4)(i_ e -2^ r) 

u € C£°(R n ) and apply Corollary O We have that 



ud7)lli + c£ £1^111 (t 2 L) N e^Hd;.F m>j (t,.)j\\^ Aj) 

Rn 3=1 m=l 

n 00 „ , 

+ c ££ i<ww / \^, 2] m 2L ) N ^ Lt VnAt,-)j\\h 

3=1 m=l 

m(.) 

n 5. 

+ OVJ|| y (( 2 L)"e* 1 i3; j (l D .((,.)» IJ e** £l ) 



OO 

+ c|| J (* 2 i)^ 1 e il± ^^^|U U(i , (7) + || u |U I(7) . 

fa 

Since e sL l = 1 for all s > 0, we have 

||t:,(/^7)||i<IH|i<IHU Uio(7 ). 

Proposition [53] gives that 

00 

(i+» 2 )t 2 r di, 



(■) 



(^r^e^^UylU^M < Hull! < \\u\\ hUdah) . 



For j G {1, ...,n}, Proposition 15.41 then gives 

b 

/t 2 2 t 2 (it 

(i 2 J L) Ar e^ L i9* j .(l D e(i,.)i^ j . e ^ i ) UT ||^ Lxa/(7) < Hull! < ||u|U Ud<i(7) . 

o 





while Proposition 14.21 combined with Theorem 14.31 gives 

2 



Proposition 15. 31 gives that 

2 

\^ >2] (t)(i 2 L)"e^td;.F n>j (t,.)j\\ hl 



II /(^A^t^j^c*,.)*!!^.,^)^!. 



n oo 



Therefore 

j — 1 771=1 



3 Kernel estimates 

In this section, we establish some properties of the Mehler kernel, and use them to prove the following 
off-diagonal decay result. Given a > 0, B = B(cb,Tb) G $a and k G Z + we consider the following 
sets. 

\B(cB,2 k+1 r B )\B{c B , 2 k r B ) otherwise. 

Lemma 3.1 (Off-diagonal estimates). Let N G Z+. a > 0, j G {I, ■■■,n}, B G B a , a > 4e 2a , and 
fc G N. Then for all u G L 2 ( 7 ) 

\\lc k (B)Mo,r B) it){t 2N+1 L N e^ L d* X] )l B u\\ 2 < exp(-^4 fc (^) 2 )|| u || 2 , 

with implied constant depending only on a and N . 

The above lemma plays a key role in the next sections, and could be deduced from more general 
methods giving L 2 off-diagonal bounds (see [3] or [H]). We prove it through direct kernel estimates 
which are used in various parts of the paper. In the next sections, it will become clear that one 
needs off-diagonal decay of the form exp(— c4 fe ) with c large enough to compensate for the growth 

in Lemma l2.5l This is the reason why we use e <* L in the reproducing formula and pick a large 
enough. 

Given f,a> 0, j € {!,..., n}, and N G Z + , we denote by K t 2 Na and K t 2 Na j the relevant 
kernels defined, given u G L 2 (j), by 

K t 2, Nia (x,y)u(y)dy = {t 2 L) N e^ L u(x), 
K t *, N , atj (x,y)u(y)dy = (t 2 L) N e^ L td* Xj u(x). 

Note that K t i N a (x,y) — t 2N d^M s (x,y), _^_, and that, by duality 

K t ^ N ^ J (x,y)=t 2N+1 d y] d?M s (y,x) ls= ^eM\x\ 2 ~ \y\ 2 )- 
To prove Lemma 13.61 we need preparatory lemmas of independent interest. 

Lemma 3.2. Let N G Z + . There exists Cm G N and a polynomial of2n + I variables Pn of degree 
Cn such that for all x, y G R ra and s > 0: 

d?M.(x, y) = (l- e- 2s )- N P N (e~ s , C~' Xi ~ v J ) i=1 „, (y/l-e-*>Xi) i= i,..., n )M.{x, y). 

yl-e As 

Proof. Let j G {I, ..., n}, s > 0, x, y G K ra . We have the following. 

d,(y/l-e-*'Xj) = (I - e- 2s )- 1 (e- 2s v / l-e- 2;5 a; J ). 

d s M s (x,y) = -(I - e- 2s )- X ne- 28 M s {x,y) - M a ( X ,y)d B ( } e ~' X ~f ). 

1 — e~ zs 



ds &~' Xi _% ? ) = -(1 - e- 2 -)- 1 (( 2e - v / T^^^)( e ; i % ' § ) + ( e "' aj ^ ) 2 2e- 2s ). 
The proof thus follows by induction. D 



Computing partial derivatives in Xj one obtains in the same way: 

Corollary 3.3. Let N G Z + and j € {1, ...,n}. There exists Cjy G N and a polynomial of In + 1 
variables Qn of degree Cn such that for all x, y G M™ and s > 0: 



d Xi d?M.(x,y) - (1 - e - 2 T (Ar+ ^QAKe- s , ( ^= = )j=i n, (Vl - e- 2s ^),=i „)M 8 (x, y). 

V 1 — e As 

Lemma 3.4. For a, C > 0, a > 1, t G (0,a], anrf x,y £ R" we /iafe 



^; exp(-C '— ;/ ) < exp(-C i ^^ r ^^)exp(C^^). 

l-e -2 "a ^ e i_e l-e~ 2 ~ 

^ exp(-C^%#) < exp(-C^^#)exp(C^ r ). 

1— e a 1— e a 

Proof Let £ G (0, a] and a > 1. Applying the mean value theorem to /(£) = £ a , we have 

1 - e- 2 * 2 



af- 1 



1 — — 
1 — e c 

for some £ G [e~ 2t /", 1]. Therefore, 

2 2t 2 ( Q -i) 1 - e ~ 2 * 
ae <ae « < T < a. 

1 — 6 a 

To prove (i), we notice that 

\e~~x — y\ > |e~* x — y\ — |e~* — e~~||a;| > |e _ * x — y\ — £ 2 |x|, 



and thus, by Cauchy-Schwarz: 



\e~£x - y\ 2 > |e ' \ y|2 - £ 4 |x| 2 . 



This gives 



. Je-^x-yW ^ , C ( \-e-^ Je-« x-y\\ £ 4 |x| 2 

< exp(-C^^-#)exp(C^^). 
~ v 2e 2a 1 - e~ 2 * i - e -2^ 

The estimate (ii) is proven in the same way, noticing that 

\e~^x -y\> e (H ^ i) * 2 |e"* 2 a; - e" ( ^ )t2 y| > \e~ e x -y\-\\- e -(^)* 2 \\y\ > {e^ x - y\ - t 2 \y\. 

D 
Lemma 3.5. Let N G Z+, j G {l,...,n}, a > anrf a > 4e 2a . Le£ i,i;el" and £ G (0,a]. 

a |e~ f z-t/| 2 



^ #* £ "*(y) then M^(x,y) < exv{- jy\_*~Jl )M t *{x,y). 
(ii) Ift < m(x) then \K t2 ^ a (x,y)\ < exp(- J a , \ \''*_-f )M t , (x, y) . 

I - ±2 _ I 2 

(W 7 / f ~ m (y) then \ K *.N, a ,j{x,y)\ < exp(-^ T 1£ j-^ i ^ J -)M t 2(x,y). 



Proof, (i) follows from Lemma [ 

(ii) follows from Lemma T3.2I and Lemma I3T41 using that aupw k e~ Cw < oo for all k > and C > 0. 

io>0 

(iii) follows from Corollary 13. 31 and Lemma 13.41 in the same way, using that 

M t 2(2/,x)exp(|x| 2 - |s/| 2 ) = M t 2(x,y). 

□ 

We can now prove our main lemma. 

Lemma 3.6 (Off-diagonal estimates). Let N G Z + , a > 0, j G {1, ...,n}, -B € S a , a > 4e 2a , and 
jfe e N. Then for all u G L 2 ( 7 ) 

\\lc k( B)h ,r B) m 2N+l L N e^ L d* x .)l B uh < exp(-^4 fc (^) 2 )|| u || 2 , 
with implied constant depending only on a, a and N . 

Proof. For t < rs < am(cB) and y £ B, we have t < a(l + a)m(y) by Lemma \2. 2 1 Given x £ R n , 
we also have, using Cauchy-Schwarz, \y — x\ 2 < 2{\e~ l ~ y — x\ 2 + (1 — e~ l ) 2 |y| 2 ), and thus 

< eX p(- °, |y " a|a ). 

~ V\ 2 4 g2a 2 t2 ^ 

Therefore, using Lemma |3.5[ we have the following estimates. 

2 



\K t \N,a,j(x,y)\i( ,r B )(t)\u(y)\dy 1 <ft(x) 

C k (B) \B 



' ' '' ' eX P(- 2 3 e ^ |e "* | — )Mt»(s,y)l(0,rB)(*)Ny)l<fr 1 ^1'-' 



Cjt(B) \B 

26e ^4 fe (^) 2 )lk/ L klll2 < «p(-^4*(^)*)||«| ls , 



< exp(- : ^4 fc (^) 2 )||e/ i | U ||| 2 < exp(-^ T 4 fe (^) 2 )|| W || 2 . 

D 



We conclude this section with a property of the sets Ck{B) in the local region N T {B) :— {x £ 
M. n ; \x — cb\ < Tm(cB)}, which will be helpful when off-diagonal estimates fail. 

Lemma 3.7. Let a, r > and B — B(cb, ?'s) G £> a . There exists C > smc/i i/iai /or aH fc G Z + 

7 (C fc (B)niV T (S))<C2 fc "7(S). 

Proof. Let fc G Z + and a; G Ck{B)C\ N T (B). We have |je — Cb\ < t™(c_b) < r(l + r)m(x), by Lemma 
1231 Therefore 

M 2 > \c B \ 2 - 2Tm(c B )|c B | 

M 2 > |x| 2 - 2t-(1 + t)ttz(^)|x|, 

and thus e - ' 31 ' ~ e I Cj3 1 for all x G C^{B) n N T (B), with implicit constants independent of fc, i? 
and a;. In particular, for k = 0, we have 



7 (B) - e-l CB l 2 / dx ~ r^e" |cs|2 



For fc G Z+, this gives 



7(C fc (B) n N T {B)) < j e~ ]cB]2 dx < (2 fc r B )"e- |cs|2 < 2 kn 1 {B). 

2 k + 1 B 

□ 
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4 Molecules 

In this section, we show that, given a £ 1,2 (7) atom F associated with a ball B = B^cb^b) G #2, 
the function 

J(t 2 L) N e^td* Xj F(t,.)^ 


is a (2, N, 2~ 23 a)-molecule in the following sense. 

Definition 4.1. Let iV G N, a > 0, and C > 0. A function / G L 2 (^) is called a (a, N, C)-molecule if 
there exist B — B(cb,tb) G B a and / in L 2 (j) such that the following holds: 

(i) \\l Ck (B)fh < e- c * k 7 (B)-h VfceZ + , 

(ii) / = L N f, 

(hi) ||l Cfc(B )/||2 < rg f e- c <">y(B)-t Vfc g Z+. 

We then show that there exists M > depending only on (a, AT, C), such that WfWh 1 < -W for 
all (a, iV, C)-molecules. 

Proposition 4.2. Lei AT € N, j G {1, ...,n} and a > 0. Let B ^ B(c B ,r B ) G S 2 and F be a t 1,2 (-y) 
atom F associated with B. The function 

TB 

J(t 2 L) N e^td* X] F(t,.)^ 


is a (2, N, 2~ 23 a) -molecule. 
Proof. Let us treat the case k = first. Let g = J2 cpHp G L 2 (R n ,-f) be such that J2 l c /3| 2 — 1- 

We need to estimate 

R™ 

By duality, and the L 2 boundedness of the Riesz transforms, we have that 



2 i/?n w +^-#i<3L fl |2^i 



J J\(t 2 L) N e^ L td* X] F(t,x) 9 ( X )\d 1 ( X )^ < {J J \F( t) x)\ 2 d^x)^)Hj £ IWI)^* e"* l*%| a y) 

M" M n £ £Z + 



< 7 (5)^(^|c,| 2 |( i 2 |/3|) 2 ^ 1 e-^^|)^< 7 (B)-i 



TB 



Moreover / (t 2 L) N e^ L td*F{t, .)f = L N / for / := / £ 2W+1 e^d* F(i, .)f . The same argument 



thus gives 



ii 



\\fh<r B N 7(B)-Hjt 2 W\e-^j)i<rf'~ f (B)^. 


Now let k G Z + be such that k ^ 0. By Lemma [?751 we have the following. 

tb r B 

||l 0fc ( B )/(* 9 L)^^F(t,.)f|| 9 </op(-^4 fc (^) a )||F(t,.)||af 





^exp(-^)(/exp(-^(inf)l(/||F(t,.)|||f)^ 



<exp(-^4 fe ) 7 (i?)-i 
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Since 

TB 

l|lc fc (B)/l|2<^|||l Cfc(i3) l (0!r , B) (t) e #^F(t,.)||2y, 





the proof is concluded as above, using Lemma 13.61 with N replaced by 0. □ 

Theorem 4.3. Let a > 0, and f a (2, N,C) -molecule with N > f and C > 2 11 . Then f E h\ naxa 
and \\fWh 1 < M for some M independent of f . 

Proof. Let B = B{cb,tb) € B 2 be the ball associated with /. Pick a > 2 31 , and let C a 

Ki 

2 



(4 + 4a)r + 2a where r := 2 as m Proposition 12.41 We use the following decomposition: 



00 00 00 00 



n/ik_ <'+EE4*+EE J ^ 

fe=o ;=o fe=o z=o 

where 

/ :=J S up{\e s2L f(y)\ ; („,«) € r^( 7 ), S < ^7^), 

R" 

I'k.i ■■= J sup{| e s2i (l Ci(B) /)(2;)| ; (y, s) G r«( 7 ), S > ^L}1 (q ^(m^))^*), 

C fc (S) 

4', := / supflZ/V^ao^/XlOl ; (y,s) € r°( 7 ), S > ^}1 2fcrfi (m(x))d 7 (x). 

Cu{B) 

Estimating I: Decomposing into a local and global part and using Proposition I2.4[ we have that 

00 00 

^II/IIi + EE'm' 

fc=o ;=o 
where 

ll°t-= J sup{ j M s2 (z,w)l N ^z,w)\f(w)\dw; (z,s)eT^),a<^}dj(x). 

C k (B) Ci(B) 

By Lemma \2. 5 1 we also have that 



ll/lla < E ^(2 k+1 B)\\l Ck{B) f\\ 2 <STe^ k+2 ^e-^ k < 1, 

fc=0 fc=0 

since C > 2 9 . 

Estimating Lj°f /or fc < / + 2: 

By Lemma \2. 5 1 and Proposition 12.41 we have that 

I l k °f < y/j(2^B)\\x -> sup{e s2L |l C!(B) /|(y) ; (y, S ) e r«}|| 2 < e 2 ^ Vr(S)||l Cl(fl) /|| a < e^ A \~ CA \ 

and thus: 

00 i-\-i 00 

^^^<^ + 2)e-(^'<l. 
2=0 fc=o 2=0 

Estimating I k °f for k > I + 2: 
We use Lemma T3. 5 1 as follows: 



I l k °f= J sup{ J M^{z 1 w)l NT (z,w)\f{w)\dw-{z,t)€T ( x ^ a ^\ 1 ),t<r B }d 1 {x) 

C k (B) Ci(B) 

< J sup{ J M t 2(z,w)eM- ^\_ Z e Z 2 ™) )l N Az,w)\f(w)\dw; (z,t) € iffi'^fr),* < r B }dj(x), 

C k (B) C,(B) 

12 



where we have used Lemma [2721 to see that 

\z — x\ < am(x) =>■ m{x) < (1 + a)m(z), 

\z — w\ < Tm(z) =>■ m{z) < (1 + T)m(w), 

t < a^fam{x) =>■ t < a^/a(l + a)(l + T)m(w). 

Now, for x G Ck(B), w G Ci(B), t < min(rB,a v / a(l + a)ra(z)), and z G B(x, -4^), we have 

\e~ e z - w\ > \x - w\ - \x - z\ - (1 - cr t2 )\z\ > (2 fe_1 — - 2a^/a(l + a))r B . 

Let M a , a e N be such that -3L + 2aV"(l + a) < 2 Ma -<* . Then, for k > max(7, M 0ja ) + 2 we have the 
following. 

^T<exp(-^(2 fe - 2 ) 2 ) J sup{ e t2L |l Cl(B) /|(z); (z,t) G ri^^ a) ( 7 )}d 7 (x) 

Cfc(B) 

<exp(-^4 fc ) v / 7 (2'=+i J B)||l Ci(B) /|| 2 <exp(-^4 fe )exp(2 9 .4 fc )exp(-C4 ; ), 



where we have used Proposition 12.41 and Lemma 12.51 Noticing that 

M a a +2 M a q M a Q +2 M a a M a a +2 J\/ a a 

E E 7 M< E E \jl£ k+1 B)\\fh < E E ex P (2 9 .4 fc ) < 1, 
fe=0 1=0 k=0 ;=o k=0 (=o 

oo oo 

and using the fact that a > 2 31 , we get that ~^2 J2 *kl ~ 1 anc ^ thus ^ na * ^ ~ •*•• 

;=ofe=;+2 
Estimating I' k L for k < I + 2: 
Reasoning as above, using Proposition ^. 41 and Lemma [231 we have that 



I' Kl < exp(2 9 .4 fe )^(B)||l C!(B) /|| 2 < exp(2 9 .4 fc - C4 l ), 
and thus 

oo Z+l oo 

E E J *,« ^ £(' + 2 ) cx p(-( c - 2l3 ) 4 ') £ L 



Z=0 fe=0 /=0 

Estimating I k L for k > I + 2: 

Given x G Ck(B) such that m(x) < 2 c rB , s < am(x), y G B(x,s), and u; € Ci(B), we have, using 
Lemma [ 



| V -H > \x-w\-\x-y\ > 2 k - 1 r B (2-2 l+2 - k )-am(x) > S--a)m{x) > _L_(^L_ )m(y) = rm(y). 

2 2 + 2a 2 

By Proposition 12. 4[ we thus have 

OO CO CO 

E E ^,I^EH :Z rf«*,a,l|l0 I (fl)/|||l<||/||l<l. 



1=0 k=l+2 1=0 

T" 



Estimating I k l : 

For x G R n , t < ay/am(x), y G B(x, -t=), we have t < m(y) by Lemma [2~2l and thus 

\L N e^ L (l Cl{B) f){y)\<t- 2N J \K t ^ N , a (y,w)\\f(w)\dw<t- 2N J M t2 (y,w)\f(w)\dw, 

Ci{B) Ct(B) 

by Lemma 13.51 Therefore 



III < I sn P {t- 2N e t2L \l Cl{B) f\(z) ; (z,t) G T^'^ ( 7 ),t > r B }l, kTB (m(x))d 7 (x) < r B 2N J 9 k l ? b +J l k % 



C k (B) 
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where 

jg o6 := J sup{ J M t ,{z,w)l N .{z,w)\f\(w)dw-{z,t)&T { x ^ aV ^\ 1 )}d 1 {x), 

C k (B) Ci(B) 

J l k °f:= J sup{t- 2N J M t2 (z,w)l NT (z,w)\f\(w)dw; (z,t) €T^' a ^(i),t>r B }l [ ^ i] (m(x))dry{x), 

C k (B) C,(B) 

and t is denned as in Proposition ^. 41 for the parameters (-7=, ay/a). Proposition 12 .41 then gives that 

00 00 00 

EE^sEii^/iusrr- 

(=0 fe=0 1=0 

For x € Ck(B) and m(x) > '^ s - we have 

\x -c B \< 2 k+1 r B < 2C a m(x) < 2C„(1 + 2C a )m(c s ) =: T'm(c B ). 
Therefore 
Jm< / sup{t- 2Ar J M t 2{z,w)l NT {z,w)\f\{w)dw-(^t)€T ( x ^-' a ^\ 1 ),t>r B }d 1 {x). 

C k (B)nN T ,(B) C,(B) 

Estimating J l k °f for k < I + 2: 

Using Proposition 12.41 and Lemma 13.71 we have 

00 l+l Co / + 1 Co 2+1 

EE J M ^^^EE Vl(Ck(B) nN Tl (B))\\l Cl{B) f\\ 2 <J2eM~Ci l )J2^<l. 
1=0 k=0 1=0 k=0 1=0 fc=0 

Estimating J l k °f for k > I + 2: 

For x € K n , s < aa?7i(x), z € B{x,am{x)) 1 and (z, w) € iV T , we have m(w) ~ m(z) ~ m(x) and 

thus s < m(w). Therefore, using Lemma 13.51 we have 

J[°f< J sup{s- 2Ar f M^(z lW )l Nr (z,w)\f{w)\dw; (z,s)eT x i - aa \ 7 ),s>y/^r B }d 7 {x) 

C k {B)nN T ,(B) Ci(B) 

I r „-2JV f »,_,. " ' " ; ■■ ■"'!", ■/■, , ..-*,- rt(£.»°<), 



sup{ S -^ v / M s2 (z,w)eM-^Y L j— e Z^)\fH\dw, (z,s)e F^'^( 7 )}d 7 (x). 

C k {B)nN T ,(B) Ci(B) 

For x £ Ck(B), w € Ci(B), s < aam(x), and z £ B(x, —s) we have 

\e- s2 z -w\>\x-w\-\x-z\-(l- e- s2 )\z\ > 2 k - 1 r B - (- + o(a + 2a 2 ))s. 

a 

Therefore, there exists C Q > such that 

J l k °f< J sup{ S - 2Af exp(-C Q 4 fc (^) 2 ) | MAz,w)\f(w)\dw; (z, S ) € ri°' aa) ( 7 )}d 7 (x) 

C h (B)f)N T ,(B) Ci(B) 

<(2 k r B r 2N J sup{ J M s2 (z,w)\f(w)\dw; (z, s) £ ri=' aa) ( 7 )}d 7 (x) 

C k (B)nN T ,(B) Ci(B) 

< (2 k r B )- 2N Vl(Ck(B) n N T ,(B))\\l Cl{B) f\\ 2 S 4- feAr exp(-C4')2 fc *, 
where we have used Proposition 12.41 and Lemma 13.71 This gives 

co 1+2 co 1+2 

E E J tt s E E 4 * f ] -p(- C4 ') S 1. 

i=0 fc=0 1=0 fc=0 

which concludes the proof. D 
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5 Remainder terms 

In this section, we handle the remainder terms 
1. fl s ^ 2] (t)t 2N+1 L N e^d*F(t,.)¥, 



<(■> 



ajvij 



2, ,2 



2. / 1? N ^L N e li±s ^ L d*(l D e(t,.)td Xj e^- L )uf, 



2, .2 



3. / t2JV + 2 L JV e <i±^i^L M dt 5 

m(.) 

b 

where u G L 1 ^) and F is a t 1,2 (7) atom. 

Lemma 5.1. Let N G Z + , j G {1, ...,n}, b > and a > 2 32 . Let F be a £ 1,2 (7) atom associated 
with the ball B — B(cb,tb) G $2- L/ien 

|| | l { ^ 2] {t)t^L N e^d* X] F{t, .) d l\\ L , < 1. 
o 

Proof. By Lemma |2.2[ we have m(y) ~ m{cB) for y *E B. Therefore, by Lemma 13.51 and reasoning 
as in Proposition 14.21 we have 



TB oo TB 

\\ Jl l ^ 2] (t)t 2N+1 L N e£ L d* x .F(t,.)j\\ L1 <E J J J \^,N, a Ax,y)\\F{t,y)\dyjdy(x) 

k=0 C k {B) B 

<l + J2 feM-^ k ( r -ff)^( 2k+lB )\\F(t,.)hj 
k=i J 

oo f 1, 



fc=l 
OO 



<l + 5>xp(-(^3-2 9 )4 fc )<l. 
fc=i 



D 



Combined with Proposition ^. 4[ this gives 



Corollary 5.2. Let a, b > 0, N G Z+, {j = 1, —,n}, and a > 2 32 . Let F be a i 1 ' 2 ^) atom 
associated with the ball B = B(cb, rs) G $2- 27ien 



,2«+l r JV^L 3 t - >^> 



\\T* glob , a (J l^xW+WeT^Ffr .) f)||i < I- 

o 

Proposition 5.3. Lei a > 0, JV G Z+, {j = l,...,n}, and a > 2 38 . Lei F be a i 1,2 (7) aiom 
associated with the ball B = B(cb, tb) G B 2 - Then 

rB 

\\Jl [S p 2] {t)t^L"e^d: ]F {t,) d ±\\ hlaxa < 1. 
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Proof. Given the above Corollary, and r as in Proposition ^. 4[ we only have to estimate 

1= /sup{ I M S 2 (y,z)l NT (y, z) J \ [ r^ a] {t)\k t 2^ N ^ 3 {z,w)\\F{t,w)\dw — dz- (y,s) £r a x ( 1 )}dj(x). 

R« R™ R" 

For w £ B and t < re, we have t < m(w) by Lemma l2.2l Therefore, by Lemma 

r B 2 

f f f f a |e~* w - z\ 2 dt 

1 ^ sup M s 2(y,z)l Nr (y,z) / l [m( ,) ,(i)exp(--^— -^-)M t 2(z,w)\F(t,w)\dw — dzd-j{x) 

E" R« R™ 



<4c+E^' 



r g2o6 
fc=0 

where 

TB 

if oh := / sup / M s 2(y, z)l Nr {y, z) \ I 1 [TO (») Jt)e * 3!r i-e- 2 ' 2 l N c(z,w)M t 2(z,w)\F(t, w)\dw^-dzd'y(x), 

J (y,s)&T S (-y) J J J l » ' ' t 

C k (B) R" R™ 



■ 1°"' w -^ 2 dt 



TB t 2 2 

/[ f f - a e ™~2 dt 

sup M 3 2(y,z)l Nr (y,z) / l r m(*) „,(i)e ^ 1-e- 2 *^ l^z^M^^u;)^ (t, w)|dw — dzd^(x). 

r. e-**:^ <J / * 

Estimating I g k ° : 

For w £ B, x £ Ck(B), y £ B(x,am(x)), z £ B(y,Tm(y)), t < vb, and m(z) < brs, Lemma 
E21 gives that t < m(w), \x - z\ < (a + 2r(l + a))m(x) and m(x) < (1 + a + 2r(l + a))m(z) < 
b(l + a + 2r(l + a))r B . Therefore 

\e~ t2 w - z\ > \w - x\ - \x - z\ - (1 - e- t2 )\w\ > 2 k - 1 r B - C a . h r Bl 

for some C a ,b > 0. Let M 0) 6 e N be such that C a ,b < 2 Ma < b , We first notice that, for k < M a , b + 1, 
x £ Cu{B), and z £ B{x, (a + 2T(l + a))m(x)) Lemma 12.21 gives m(z) ~ 771(2;) ~ m(cB) with implicit 
constant depending only on a and &. In particular 2i£l > K ab m(cB) for some K a! b > 0. Therefore 

M ab +1 A/a, 6 + 1 2m(c B ) 



E ^° & < E v / ^+ 7 b) / iiT Q v 2 V(ui)ii 2 f 

Ma, t, + l 2m(c fl ) 



7 E v/^B)cxp(2 9 .4 fc )( J d ±f2 { J\\F{t,.)\\fj)* 



fc=0 / s 

K a j,m(c B ) 

M a . 6 + 1 



< E exp(2 9 .4 fe ) < 1. 



fc=0 

For k > M a .b + 2 we estimate as follows, using Lemma [331 

>-B 



dt 
T 



E I t b < E \A( 2fc+lfi ) / cM-^ k ( r ff)\\T:(e t2L \F(t,.)\)\\2- 

:M a , 6+2 fc = M a ,6+2 q 

< E /^exp(2 9 .4 fc )exp(-^)(/exp(-^(^) 2 )|)^(/||^,.)||^)t 



< E exp(2 9 .4 fe )exp(-— 4 fc ) < 1. 

k=M a t+2 



1G 



Estimating Ii oc : 
We have 

hoc< I sup M s 2(y 7 z)l NT (y,z) / 1 .„,(*) 9l (i)ljVi (z, w)m(z)~ n \F(t, w)\dw — dzd'y(x). 

J (v,s)er^ 7 )J J J [ —' 2i t 

R» R» R™ 

For w £ B, (z,w) £ Ni, (y,z) £ N T , and (x, y) G iV a , we have that m(#) ~ m(y) ~ m(z) ~ 
m(w) ~ m(cB)- Moreover |x — Cb| < am{x) +Tm(y) +m(z) + m(cs) < m(cs), |x — w| < m{w), and 
e~H ~ e - ^' . Let k, A be such that ^£l > kto(cb) and |x — cg| < Am(c_e). Using the positivity 
of (e* L ) t> o, and the fact that e L l = 1, we have that 

r B 2m(c B ) rB 

Iioc< J m(c B )- n J ||F(t,.)||icfe^<( J |)'V^p)(|||F(t,.)||2j)'<l. 

Ktn(c B ) B(c B ,Xm(c B )) Km(c B ) 

□ 

Proposition 5.4. Lei a, a' > 0, A*" € Z + . j G {1, . ..,«•} and a > max(32e 4 ,4 v / ae 2a ). Let b > 
max(2e, / 32e4 a-). Tfterc 

Y (a-32ei)(l- e - 2 ^) 

ml) 
b 

/^2 2^2 /// 

t a Ar+lxJVe _ i ^ (lije(tj ^ e _ i)tt OTU^^ < ||u||iiw _ 

o 
Proof. We claim that 

m(.) 

o 

The result then follows from the fact that e sL 1 = 1 for all s > and the positivity of e sL . To prove 
the claim, fix x £ R n , and consider £ > and y £ W 1 such that m{y) < t < TO > X . Then |y| > 1 and 
|y| > 6|a;| > 2e|*|. Therefore \e~ e y - x\ > M + M _ | x | > M and t" 1 < |y|. Using Corollary [3j 
and Lemma l3~5l this gives, for some M > 

i^l^W^y)! < \y\ M exp(^ ^ e ^_ y ~ 2 f )M t2 (x,y) 

< \y\ M +" cM--^\y\ 2 ) < exp(--^|y| 2 ). 
Using Lemma [3T4l and the fact that t h-» * 2 aM is increasing on (0, 1), we then have 

l-e~ "a 

m(.) 1 

b b a 2 t 2 

0]R"R™ yl — e ~ 

1 

' / / /r"exp(- - * 9n2 le ~ ty -f )eM ^72-ily| 2 )exp(--^ 7 |y| 2 )| U (z)Mz^t 







V^e 2 " 2 1-e" 2 * 2 ^^ 1 _ e _2 fi |^26 2l4 " / KV 32e 4 



< / / M t 2(y,z)exp( — M 2 )exp(-— -^\y\ 2 )\u{z)\dzdydt 

J J J 2b 2 (l-e-^) 32e 

R"R" v ' 



<J J e* L | U (y)|d 7 (y)^ < ||«|| 

R» 
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□ 

Proposition 5.5. Let N e Z +) a,a',b > 0, and a > 8e 2 ° 2 . For all u e C£°(R n ), we have 



II / (flS) N+1 e L 



-L 



dt., 

u —\\h] nn _ l £ ||W||1 



< 



Proof. Let M > 1 and x <E R". Without loss of generality we assume that J ud'y = (since LI = 0). 



| / {t 2 L) N + l e^ W ^ L u{x)^\ < | / s N + 1 d?+ 1 e' I 'u(x)^\ 

m(£) (l + q 2 ) m (x) 2 

<J2 / l- ft: (i+ a 2 )b- 2 mW 2 ,fe, Q (a;,2/)l|M(2/)M2/ + ^|(M 2 L)' c e <1+a = )M l «(jb)|. 

fc=0£„ fc=0 

Given fc £ {0, ..., N} we have, using chaos decomposition and Proposition 12.41 

n , (l + a 2 )M 2 T ~ , (l + a 2 )M 2 r ~ , (l + a 2 )M 2 T nl (l + a 2 )M 2 

||(M 2 L) fe e « u Wh^ a , < \\ T a'(M 2 L) k e « & u || a < ||(M 2 J L) fc e^^^ L U || 2 < M 2fe e -^^||u|| 2 

It thus remains to prove that, given fc € {0, ..., JV}, 

ll r a'( / |-^(l+a 2 )fc- 2 m(.) 2 Aa(2^)IKy)My)l|l < ||w||l. 

R" 

Using Lemma 13.51 the positivity of (e' L ) t >o, and the fact that e L l = 1, this further reduces to 
proving 

WK>( / M{i+a- 2 )b- 2 m(-) 2 ( x iy)\ u (y)\ d y)\\i ~ ll w lli- 



M- 



We first use Proposition 12.41 to obtain 

\\ T giob,a',i{j M (i+a 2 )h- 2 m(.) 2 (a;,y)|w(2/)M2/)l|i < / / M (1+a 2 )b -2 m(x) 2 (x, y)\u(y)\dydj(x) 



We decompose the right hand side into a local and a global part. Let r := |(1 + b l yl + a 2 )(l + 
26 _ Vl + a 2 ) andr = 2(1 + -/T+ a 2 6 _1 )r + \/l + a 2 6 _1 . For x,y, z € R™ such that |a;-j/| >7m(i) 
and |z — a; | < b a m(x), we have that \z — y\ > Tm(z). Therefore 

/ I M {1+a 2 )b -2 m{x) 2(x 1 y)l N ^{x 1 y)\u{y)\dyd-i{x) < I sup / Af t2 (z, y)ljv<=(z,2/)|w(?/)|dyd7(a:) < ||u 

R™ R™ R™ (z,t)er x v (7)gn 

by Proposition 12.41 Now, for (x, j/) £ iV^, we have m(a;) ~ rn(y) by Lemma l2~2l Therefore 



M( 1+a 2 )b -2 m(x) 2(x,y)l N -(x,y)\u{y)\dydj(x) < m(x) " / |w(j/)|dyd7(x). 

R™ R™ R™ B(i,7m(i)) 

For (x, y) € iV— , we also have e~\ x \ ~ e"' 1 '' , therefore 

m(x)"" y |w(y)|dyd 7 (x) < f \u(y)\m(y)- n J d 1 {x)dy < j ' Hy)\e~^ dy < ||«||i. 

B(j,7m(i)) R" B(t/,r(l+T)m(i/)) R" 
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The proof will be completed once we have estimated the two following terms. 



J g iob-= / sup / M t 2(y,z)l N ,(y,z) / M (1+a 2 )6 -2 m(z )2(z, w)l N o (z, w)\u(w)\dwdzd-y(x), 
C».t)er« 



Ji oc ■— / sup / M t 2(y,z)l Nr ,(y,z) / M(i +a 2) b -2 m ( z )2(z,w)lN T ,,(z,w)\u(w)\dwdzdry(x), 
J (v,t)er*J J 

R™ R™ 

where r' is defined in Proposition 12.41 for the parameters (l,a'), and r" is defined as follows. For 
{x,y) G N a and (y, z) G N T i, we have m(x) ~ ™(y) ~ m(z) by Lemma 12.21 Let A > be such 
that A _1 m(a;) < m(z) < \m(x), and fix r" as in Proposition 12.41 for the parameters (A, a) — 
((2r'(l + a) + 0)6/ (AVI + a 2 ), Vl + a 2 6 -1 A). Using Proposition |2~4I the positivity of (e* L ) t > , and 
the fact that e L l — 1, we have that 

J glob < / sup J M t 2{y,z)lN T ,{y,z) sup I M s 2(ri,w)l N c ii (r],w)\u(w)\dwdzd-f(x) 

< 
< 



sup / M s 2(?y, w)1jv c „ (?y, w)|u(w)|dw(i7(a;) 

(r/, s )er^' s) ( 7 ),/ n 



Mil! 



Finally, for (ir,y) G iV Q , (y, z) G iV T /, and (z,u>) G A^ T », we have m{x) ~ m(y) ~ m(z) ~ m(w), 
|w> — x\ < Am(x) for some numerical constant A > by Lemma [2~2l and e - '"'' ~ e - ' 11 ' . Let C > 
be such that m(ai) < Cm(w). Using the positivity of (e* L )t>o, and the fact that e L l = 1, we have 
that 

Jioc< sup M t 2(y,z)l NT ,(y,z)m(xy n / \u(w)\dwdzd'y(x) 

J {y,t)&^iJ J 

R" B(x,Am(x)) 

< / m(a:) _n / |u(w)|dw(i7(x) < / |u(w)|to(w) _ ™ / d r y(x)dw 

B(x,\m(x)) B{w,C\m(w)) 

< f ' \u(w)\e-W dw < ||u||i. 

□ 

6 Riesz transforms 

In this section, we prove the following boundedness result for the Riesz transforms associated with 
L. Let M : L 2 (R n ,d-y) -> £ 2 (R",d7) be defined by MH a = H^tf Q for all a G Z™\{0}, and 
MH Q = 0. 

Theorem 6.1. For all k = 1, ..,n, t/ie Riesz transforms 

R k = d Xh M, S k = d* k M, 

extend to bounded operators from h 1 ^) to L 1 ^). 

Recall that h 1 ^) :— h* nad 2(7). The proof of this theorem follows the approach of the preceding 
sections. We start with an appropriate Calderon reproducing formula, which can be established 
through chaos expansion. 
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Lemma 6.2. For all N £ N, k £ {1, ...,n}, and a, a > 0, t/iere exists C > suc/i i/iat /or a// 
u G L 2 {j) 



2 n JV+2 ^I„ ^ 



o 

CO CO 

i4u = C ftd Xk (t 2 L) N+1 e^ L Uj, S k u = C ftd* Xk (t 2 L) N+1 e^ L Uj. 



In what follows, fc G {1, ..., n} is fixed. With the same proof as Corollary |2.7[ we get the following. 

Corollary 6.3. For all N £ N, 6 > 0, and a > 4, there exists C > and n sequences of atoms 
(-fmj)meN <wid complex numbers (X m ,j)meN for j = 1, ...n, such that for allu £ C£°(R n ) andx £ K"; 

-i2 fc t*(ar) =CJ2 £ A ™J / td k (t 2 L) N e^ L td* x .F md (t,x)j 

j=l m=l 

ft /" 2 2 //f /* 2 



j=i 



n oo 

and J2 E l*m,j| < IMU 1 

j'=l m— 1 



The same result holds for S k u (replacing d Xk by its adjoint). Theorem 16. II will be proven, once 
we have obtained the following three estimates (and their analogues for d* k instead of d Xk ). 



.2r\N„^L.~- - >dt, 



td k (t 2 L)»e^Hd* x .F(t,.)-\\ LHl) < 1, 







for all t 1,2 (7) atoms F. 



'(■) 



|| J td k (t 2 L) N e^hd*.(lno(t,.)td Xi e^ L )uj\\ L r M <\\u\\ L1(j y 



oo 

|| J td k (t 2 L) N +^ L u^\\ L i {l) < ||«|| L x (7) . 

"■(■) 

b 

We start with the relevant kernel estimate. 

Lemma 6.4. Let N £ Z+, j £ {1, ...,n}, and a > 4e 8 . Let x,y e M™ and t £ (0, a]. I/t < m{y) 

then \td Xk K t 2^ aj (x,y)\ < (1 + t\x\) exp(-^ ^^ )M t 2 (a, y). 

Proof. As in Corollary 13.31 there exists Cjv € N and two polynomials of 2n variables Qn,Qn of 
degree CV such that for all x,y £ M. n and t > 0: 

td Xk K t 2 N Ax,y) = 



,2N+2 n _ -SL.-lN+x)* (( e "yj Xj_ , 2£ _\M.,(„ i-Wr^M 2 - l«l 2 



^v+, (1 _ e -^ ) -(iv+ij Qjv( r U -j )j=i bj ( y j _ e '^y ] ) J=1 _ n ) Mil (y,x)exp(\x\ 2 - \y\ 2 ) 

1 — e <* 



+t 2jv+2 x fc (l - e-^)-( N+ ^Q N (C ° ^ ^) J= i,..., n , (\/l - e-^y J ) J - =1 ,..., n )M ii (y.^expda:! 2 - |y| 2 ). 



1 — e a 
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Therefore 



- 



\td Xk K t 2, N ^ 3 {x,y)\ < (l+t\x\)exp(~ ^ e - V _*} )exp(\x\ 2 - \y\ 2 ). 

z 1 — e a 

Using Lemma T3 .41 and the fact that t < m(y), we have that 

\td Xh K t 2 !NtatJ (x,y)\ < (l + t|x|)exp(-— ' l _\_J )M t 2(y,x)exp(\x\ 2 - \y\ 2 ) 
= (1 + t\x\) exp(-^ V '^~jJ )M t2 (x, y). 



U 



Proposition 6.5. Let N E N. j e {l,...,n} and a > 2 32 . Let B = B(cb,tb) € B 2 and F be a 
i 1,2 (7) atom F associated with B. 

r B , 2 

ft) || / \td Xk (t 2 L) N e^Hd* 3 F(t,.)\f || L1(7) < 1, 
o 

r B ,2 

(ii) || / \td* Xk (t 2 L) N e^ L td* Xj F(t,.)\f ||li (7 ) < 1. 
o 

Proof. For I <G Z+, we have, using Lemma \2 .51 

rB r B 

o o 

TB 

<2 29Al ^mnc l( B) I \td Xk (t 2 L) N e^hd: 3 F(t,.)\j\\ L 2 hy 



For I = 0, we use the L 2 boundedness of Rj, and duality. 



/■is 



(2n«.?l^ EV+ M*ll.„. . < /• / flP^ ^|2j„,/,/^ „„„ l [ \\(^T\N+l c ^L n * ||2_ "'<' 1 



Pco^y l^^ire-^Fft.OljlU^w^y y |F(t,x)|^7(z)j) 5 sup^ ll^ir^e^^lli-wf) 

o os 9 2 ~ 

<7(B)-' sup ||i?^|| i2(7) < 7 (B)-^ 

IM|2<1 

where we have used chaos decomposition (or the L 2 functional calculus of L) as in the proof of 
Proposition 14.21 For I > 0, we use off-diagonal estimates, obtained from Lemma [6.41 as in Lemma 
and the fact that \rsx\ < rs\x — cb| + 1 < 2' for all x £ Ci{B). 

dt 

T 



IB l B 



<2 l exp{-^ l ){j exp{-^{\) 2 )j)HB)- 

o 
<2 l exp(-^4 l )j(B)-i. 



Summing in I gives (i). 

The same argument also gives \\x i-» / \tx(t 2 L) N e 1 ^ L td* . F(t, OIyIU^t) ~ •*•' anc ^ tnus (**)• ^ 



re 

I dt I 







We now turn to the remainder terms. With exactly the same proof as Proposition 15.41 .we get 
the following. 
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4 o c 8\ T „+h~~> ™ n vtO a / 32e 



Proposition 6.6. Let N € Z+, 7 € {l,...,n| and a > max(32e , 8e ). Let b > max(2e, 

11 " (a-32e*)(l- 

Then 



ft) || J ^^^i^^^ri^^O^e^^flUxM^hlUx^. 







W II J ^ fc ^+ 1 ^eV^* 3 (l Dc (t,.)^e^ i ) W ^|| Ll(7) <|| M || Ll(7) . 


The final estimate is obtained as in Proposition [531 
Proposition 6.7. Let N e Z+, & > 0, and a > 4e 8 . For a// u € C^°(R n ), we /iawe 

OO 9 

ft || / ta^zo^e^fiu^iMi^. 

m(.) 

b 

OO 2 

W II / ^ fc (i 2 L) JV + 1 e^^f|U 1(7) <h|| L1(7) . 
m(.) 

b 

Proof. Let M > and a; £ R" . Using Corollary 13.31 and Lemma 13.41 we have that 
I J td Xk (t 2 L) N ^e^ L u^\<\ J s N +^ J ' d x X +1 Ms(x,y)u(y)dyd S \ 

< ^ / Q,(l, ( 6 , 6 " gJ % =! „, (VI - e~ 2S ^-a! i ) i = lj ... > n)M, mwa (x, y)«(»)|d|/ 

'-V v 1 — e 6 ° 

+ f]|M 2i+1 ^ fc L' e * M2L U (x)| 

< fex P (-^ J-^^^^ )\u(y)\d y + f2\M^d Xk L^ M2L u(x)\ 

R J „ e 1-e 2 ^^" 1=0 

r N 

< / M 5m ^(x 7 y)\u(y)\dy + Y,\M 2l+1 d Xk L l ei M2L u(x)\. 
Using chaos decomposition, this gives 

M N 

|| J td Xk (t 2 L) N+1 e^ L Uj\\ L1M <JJM im p* (x,y)\u(y)\dyd 1 (x)+y,M 2l+1 e'i M2 \\u\\ L , Hh 

b 

and thus, letting M go to infinty 

on 

td Xk (t 2 L) N+1 e^ L uj\\ LHl) <j J ikW (x, y)\u(y)\dyd^x). 

The proof of 15. 51 gives 

/ / M 5m y2 (x,y)\u(y)\dydj(x) < |M| L i (7) , 

which concludes the proof of (i). The same proof also gives (ii), using that |xm(a;)| < 1 for all 
x e M". D 
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